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Abstract

In this paper the fundamental solution for Kirchhoff plate in the Laplace transform domain is deduced and the
boundary element formulation is established to study plate bending problem. By use of the moment integral
equation, the dual boundary element equation is developed to solve the cracked plate problem subjected to dynamic
loads. Durbin’s Laplace transform inversion method is used and the dynamic stress intensity factors are determined
by equivalent stress technique. An infinite plate containing an isolated crack or two cracks, or one set of parallel
cracks under Heaviside load on the crack surfaces is studied. The numerical results obtained demonstrate the
efficiency and accuracy of the proposed formulation. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Thin plate structures are widely used in analysing engineering structures. Numerical methods such as
the finite element method and finite difference method are well established in plate bending problems.
An carly application of the boundary integral equation to the plate bending problem is due to Jaswon
and Maiti (1968). Later indirect boundary integral equation solutions of Kirchhoff plate bending
problems were presented by Altirero and Sikarskie (1978) and Tottenham (1979). Direct boundary
integral formulations can be found in papers by several authors (see Maiti and Chakrabarty, 1974;
Stern, 1981; Du and Lu, 1986). For Reissner plate model, the boundary integral equation was reported
by Vander Weeén (1982), who used the Hormander method to deduce the fundamental solution.
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The applications of boundary element method to the dynamic analysis for plate bending problem
were presented by Bezin (1991). The mass matrix technique widely used by finite element method was
employed to deal with the dynamic response problems. Readers should consult Beskos (1991) for recent
developments in dynamics. A comprehensive description of recent advances in BEM in plate bending
can be found in Ref. (Aliabadi, 1998).

In this paper the fundamental solution for Kirchhoff plate in the Laplace transform domain is derived
and the dual boundary integral equation is presented for the first time. By the use of moment integral
equation on the crack surface, the discontinuity displacement (slop) can be determined which can be
used to evaluate the stress intensity factors at the crack tip. The choice of a special set of Laplace
transform parameters in the transform domain allows the displacements in the time domain to be
obtained by Durbin’s inversion method (Durbin, 1974). Some numerical examples are presented to
demonstrate the application of the proposed method.

2. Fundamental solution

Consider an infinite Kirchhoff plate subjected to a concentrated force (¢) at the origin, the governing
equation in polar coordinate system (r, ) can be written as
ph d°w*

V2V2 * -
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= 0(1) 3(r) 1)

where D = Eh’/12(1 —v?), E and v are the elastic constants, ¢ is the time and V? is harmonic operator
defined by
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Taking Laplace transforms, Eq. (1) becomes
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2
p@1ﬁ=5@> ©)

where s is the Laplace transform parameter. This governing equation is the same as that for plate
resting on the Winkler model foundation. The fundamental solution for Eq. (2) can be obtained as

2
(s 7) = 1) 3)

where

£©) =~ [Ko(eV) — K(ev/ )]

and its series expansion is listed in Appendix A, where i = +/—1, é =/l and [ = (D/phs?)"/*. Thus the
fundamental solution can be rearranged as

75.0) = = g [ [Ka(V0) = Kalev=)] @

By Laplace transform inversion formula, the fundamental solution in time domain can be obtained as
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v, ~_ L D . [phr?
w ([,l) = % E S1 ( 35) (5)

where si(u) is sine integral and defined as

*° sin u

du.

si(u) = J

u u

3. Boundary element method in Laplace transform domain

Consider an isotropic elastic plate Q enclosed by boundary I'. The out-of-plane transformed boundary
conditions are given as:

w(s) = w(s) or  Vu(s) = Vu(s) 6)

0(s) = % = % or  M,(s) = M,(s) (7
where

Vu(s) = —D;)—n(v%u) + %

3w 32w 3w
M,(s) = —D|:(nl2 + vnzz)m +2(1 — v)nmm + (n3 +vni)—

32w 3w 3%w
_ 2_ 2
MT(S) = —D(l — V)[(l/ll — nz)m —+ niny (m — W
and n and 7 are directions normal and tangential, respectively. The deflection at a domain point X’ in Q
can be determined from the boundary values of moment and deflection through Betti’s reciprocity
principle as
Dw(X') = J W (X, x") V(") dl + J M (X', x')0x") dI — J V(X' x Ywx') dr
r r r

—J 0 (X', x )M, (x") dF+J (X', X)g(X) dQ @)
r Q

where ¢(X) is the distributed normal load intensity in domain. The moments in the domain, for instance
moment M,, can be determined by following equation

32w 32w 2 ;
M},- = — (W + Vm) = —DV}, W(X ) (9)

where
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V2 = vV—s
+ dx?
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From the boundary integral equation (8), the moment equation becomes

M,(X) = _J VI (X', x) V) dl — J VM, (X', x")0(") dI" + J VIV, (X', x )wk) dr
r r - r
+ J V20" (X', x")M,(x") dI — J Vi (X, X)g(X) dQ (10)
r Q

The deflection and moment boundary integral equations for the point on the external boundary I" can
be obtained from Eq. (8) by considering the limit as the domain point X’—x’ on the boundary. The
same procedure as illustrated by Aliabadi and Rooke (1991) can be used to obtain the boundary
integrals in the Laplace domain, for a smooth boundary, it can be written as

%Dw(x/) = J

W (x, x) V(") Al + ][ M:(x/, x')0Ge’) dI — J 17: (x/, x")we’) dr
r r

r
— J 0 (x',x")M,(x") dr +J *(x', X)q(X) d@ (11)
r Q
for deflection, where  denotes a Cauchy principal-value integral and

M,(x') = —J

V2t (!, x") V(') dI — {:
r

V2M, (x',x')0(x") dI + J V2V, (x', x" Ywlx') dr
r r

+J V20" (x', x")M,(x") dI" — J V2t (x', X)g(X) dQ (12)
I Q

where § denotes a Hadamard principal-value integral (see Hadamard, 1923) and the operator V2 is
defined by

2 2 2 97 9’ 2 20’
Vn = (l’ll +Vl’l2)m =+ 2(1 — V)n1n2m =+ (n2 =+ Vi’ll )a—yz
For the pure model I crack bending problem, Eqgs. (10) and (11) are sufficient. By applying the
deflection integral equation on one of the crack surfaces and the moment boundary integral equation on
the other, a pure model I crack problem can be solved in a single region as illustrated by Fedelinski et
al. (1995). For the mixed mode problems, the reduced Kirchhoff force boundary integral equation
should be considered.

4. Discontinuity slop equation and stress intensity factor evaluation

Consider an infinite plate containing a crack with the length 2a subjected to the bending moment
My(x")f(¢) on crack surfaces as shown in Fig. 1. Considering the relationship:

M, =M, = —DV2i*, V} =V}

the moment Eq. (12) becomes:
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M,(x") = {: DYVt (' — 0)[0(xF) — 0(x )] dx (13)
r

where 0(x™) and O(x ~) are slops on the crack surface. Let A0(x) = 0(x™) — 0(x ~) be the discontinuity
of slop and consider the moment condition on crack surface, Eq. (13) gives

{: DV}?V)%W*(x " — X)AO(x) dx = Mo(x")f(s) (9
r
where

fls) = L Ay e~ dr.

To solve the above integral equation, constant elements are used in the numerical calculation as shown
by Wen et al. (1996a, 1996b) for two-dimensional and three-dimensional problems respectively. First,
the crack is divided into N straight segments and the mid-point of each segment is defined by coordinate
(x’). Using this discretization for the moment Eq. (14), the integral equation for each element m
becomes:

N
> A0 = Mo (x;,)f(s) (15)
n=1

where

Ay = Lrn DYV (x;, — x) dx
and can be determined numerically by an infinite integral as shown in Appendix B By solving the above
equations, the discontinuities of slop for each element can be evaluated numerically.
For constant elements, the equivalent stress technique can be used to obtain accurate stress intensity
factors, see Wen et al. (1996a, 1996b). For static Kirchhoff bending problem, the fundamental solution
is

w¥(r) =r’Inr (16)
. B +wv)(1-v)D A _ (17)
T (Xp—x,) =2

where /1 is the half-length of element (1 = a/N). Because the singularity fields for stresses in the Laplace

y
MyH(t)
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Fig. 1. An isolated crack subjected to impact load.
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transform domain at a crack tip are the same as in elastostatic problems, the equivalent stress can be
written as

N
My (s) = Y Ay, A0 (s) (18)
n=1

From the Green’s function formula for stress intensity factor (see Wen, 1996), it follows that

Ki(s)(+a) = M°(x ),/ ~dv = ZZAzinF (+a)A0"/ma (19)

n=1 m=

where

X+l

F(ta) = %|:arcsin<g> F,/1- §i|

Xp—2

From above equation, it can be seen that the stress intensity factor depends on the discontinuity slops of
all crack elements and not just the elements close to the crack tip. However, the closer to the crack tip
an element is, the greater is its influence. The time-dependent stress intensity factor can be obtained by
an inverse transform, see Durbin (1974). The formula used is as follows
2kmt
20
) w

where K;(s) stands for the value in Laplace space at the sample point s, = ¢ + 2kni/T. The sample
points are chosen for k=0, 1,---,L. Accurate results have been obtained for ¢7' =5 and T/ty = 20,
where 7y = a/c; 1s unit time.

K(1) = 26—; ( - %Re K,(c) ZRe[Kl(sk)]cos& — ZIm[K,(sk ]sm

5. Numerical example

To demonstrate the accuracy of the above method, several numerical examples under dynamic load
are studied in this section. The first example shows the application to an isolated crack in an infinite
domain subjected to uniform impact load MyH(z). The second and the third examples demonstrate the
application to two collinear cracks and a periodic parallel cracks under the impact load. The normalized
dynamic stress intensity factors Kj(r)/My+/ma versus the normalized time c¢,¢/a for Poisson’s ratio v =
0.25 are presented, where ¢; = /G/p is the velocity of elastic shear wave and G is elasticity constant.

5.1. Example 1. isolated crack under impact load

An isolated crack of length 2« in an infinite sheet subjected to a uniform impact load MyH(?) is
shown in Fig. 1, where H(¢) is the Heaviside function. The number of elements N = 10 and the number
of sample points in Laplace transform domain L = 200. The normalized dynamic moment intensity
factor F(¢) to static value My./ma for the different ratios a/h are shown in Fig. 2. Unlike the two-
dimensional and three-dimensional elastodynamic cracked bodies (see Wen et al., 1996a, 1996b), the
dynamic moment intensity factor increases with time and approach the static value (1.0) smoothly.
Decreasing plate thickness tends to lower the Kj(f) value. The relative error between the solutions for
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Fig. 2. Dynamic moment intensity factors for different ratios a/h.

different element number N > 10 are very small. Sih and Chen (1977) results of time dependent moment
intensity factor are plotted in the figure for comparison.

5.2. Example 2: two collinear cracks under impact load

Two collinear cracks AB and CD are shown in Fig. 3 with a uniform impact moment MyH(¢) acting
on one of the crack surfaces (left). The length of each crack is 2a and the distance between two crack
centres is d. The number if elements N = 10 and the number of sample point in Laplace transform
domain L = 200. The normalized moment intensity factors Fa, Fg are almost the same as that in
Example 1. For the free crack CD, the normalized factors Fc and Fp to K° = Mg+ /na at points C and
D are shown in Fig. 4 for different ratios a/h against the normalized time c¢,f/a. Because the moment
intensity factors Fa and Fp are the same for small time ¢, it means that the interaction between two
cracks is very small. The dynamic moment intensity factors are very smooth and approach the static
values. When the dynamic load are applied on the both crack surfaces, the moment intensity factors at
point A and B are shown in Fig. 5. In this case the static values can be written as (see Isida, 1977)

g L _efa B gy
FB_M(I A) [(1+A) Kon) (1 A)]

MoH(1)

A.ﬂm @@.B c D
UM‘VU 4 ‘

Fig. 3. Collinear cracks subjected to impact load.
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Fig. 4. Moment intensity factors at points C and D for collinear cracks.
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where m = 2+/2/(1 + 1), A =2a/d and E(m), K(m) are complete elliptic integrals of the first and second

kinds respectively. If d =3a, A =2/3, m = 0.9798, the static moment intensity factors are F¥ = 1.0524
and F§f = L.1111.

1.20

Dynamic moment intensity factors Fy() and Fift)

ot/a

Fig. 5. Results for collinear cracks at points A and B for impact load on two cracks.
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Fig. 6. Periodic parallel cracks.

5.3. Example 3: periodic parallel cracks under impact load

5185

Periodic parallel cracks of length 2« in an infinite sheet subjected to a uniform impact load MyH(¢) is
shown in Fig. 6, the distance between cracks is d. The number of elements and the number of sample
point in Laplace transform domain are the same as in above examples. The normalized dynamic
moment intensity factors for the A =2a/d =0.5, 0.9 and 2 with ratio a/h =1 are shown in Fig. 7. In
this case, the interaction between cracks is very large and the dynamic moment intensity factors oscillate

about the static values.

Normalized dynamic moment intensity factors F(z)

1.60

0.00 . — |

0.0 1.0 2.0 3.0

gt/a

Fig. 7. Results for Periodic parallel cracks under impact load.
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6. Conclusion

The problem of cracks in plate bending subjected to dynamic loading was studied by boundary
element method in the Laplace transform domain. Dual boundary integral equations for crack bending
problems were established by Betti’s reciprocity principle. For an infinite plate problem with straight

cracks, the integral equations contain only unknown of discontinuity slop. By use of constant element
and equivalent stress technique, the moment intensity factors can be determined with high accuracy.
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Appendix A. Functions of fundamental solution

Because the Bessel function Ky(z) can be written as

Ko(z) = Z22A(kl)2z <n—+y>10(z) (A.1)

where

2k+l

Io(z) = Zm

and y = 0.577215664 is Euler’s constant. Thus

ﬁ(@:—nil.[Ko(ﬁé) Ko(v=i¢)] = zl(u)—2[R(u>+(11nu+v)zz(u>} (A.2)

where

u? ut ub

T @ @)

R(u) = : <1+1+1)3+ : <1+1+1+1>5
y=u- (312 23 (51)? 27375)"

3 uS

SNCTERNCT

The fundamental solution in Eq. (13) can be written as
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12 a4f a4f a4f
2205 _ L7 9% 0 2970
ViV = 4 <3y4 v8y23x2 tv ox*
1 432 2 2 2.2 2 2)2
6412 12 /4
where

"f(u) du x du _y

JARE = =
ou" ox 2009y 21

Appendix B. Matrix coefficients

From Eq. (15), the Bessel’s function Kj(z) should be used to determine the coefficient A4,,,. Consider
the following integral relation

_ [ coswx . foaig,
Ko(ﬂr)—JO 7\/a)2_+ﬁ26 Y dw (B.1)

Thus for constant elements

X A e D
Anm = Anm(xm — Xn, y) = J » Dvyvyw (xm - X, y) dx = E

JW{W 820 =it + 2l VY — w2~ p2[(1 - v)o?
0

(B.2)
/g2, | sin A D
— ﬁ2]e— 02—y }%cos(xm — x,,)cu dow + ;—2

o | Vere s o p?

where % = is\/ph/D. It is simple to obtain the numerical values of A,, for given Laplace transform
parameter s;. For periodic parallel cracks as shown in Example 3, the coefficient A,, should be
considered as the contribution by all elements on each crack and can be written as

<l = 2 2 , 1 — 2 _p2 ,
J {( o'+ ﬁ—e*V iy - (L= vo” — 5 e VO Eosin dw cos (Xm — xp)0 do

o0

Anm = Anm(xm — Xn, 0) + 22A11m(xm — Xn, kd)
k=1

where d is the distance between two crack centers.
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